Introduction:
The extended finite element method (XFEM), also known as generalized finite element method (GFEM) or partition of unity method (PUM) is a numerical technique that extends the classical finite element method (FEM) approach by extending the solution space for solutions to differential equations with discontinuous functions. The extended finite element method was developed to ease difficulties in solving problems with localized features that are not efficiently resolved by mesh refinement. One of the initial applications was the modeling of fractures in a material. In this original implementation, discontinuous basis functions are added to standard polynomial basis functions for nodes that belonged to elements that are intersected by a crack to provide a basis that included crack opening displacements. A key advantage of XFEM is that in such problems the finite element mesh does not need to be updated to track the crack path. Subsequent research has illustrated the more general use of the method for problems involving singularities, material interfaces, regular meshing of micro structural features such as voids, and other problems where a localized feature can be described by an appropriate set of basis functions. It was shown that for some problems, such an embedding of the problem's feature into the approximation space can significantly improve convergence rates and accuracy. Moreover, treating problems with discontinuities with eXtended Finite Element Methods suppresses the need to mesh and remesh the discontinuity surfaces, thus alleviating the computational costs and projection errors associated with conventional finite element methods, at the cost of restricting the discontinuities to mesh edges. The present study is the application of this concept for solving three real life problems.
The outline of the report is as follows. In section 2 the problems of convergence analysis has been described. Section 3 deals with the crack in a beam and comparison of the numerically computed SIF with the analytical one. Section 4 is the study of the Brazilian test. The report is closed in section 5 with some concluding remarks.
Convergence Analysis:
2.1 Problem Statement: 2.2 Parameters selected for the Problem: 
Description:
The mode I and II crack opening for an infinite plate will be studied. To emulate the infinite problem, a square shaped domain will be used. On the boundary of the domain, the traction stress of the exact solution is imposed. The elastic numerical displacement field can then be computed numerically on the domain and a H1 norm of the error can be computed in a post processing phase.
Objective: The objective of the study is to measure the error between the exact solutions and the numerical solution as well as the convergence rate for different simulation parameters. The improvement related to the use of the tip enrichment function and the size of the enrichment zone is to be studied and the error results are to be presented as curves as a function of element size in log log scale. the unknown function id approximated as polynomial. When a polynomial is expressed as a sum or difference of terms (e.g., in standard or canonical form), the exponent of the term with the highest exponent is the degree of the polynomial. The approximation by of an unknown function by a polynomial will be more close to exact in case a higher order polynomial is used. As shown in the Fig 2. 2, the approximation of a quadric polynomial with the piecewise linear function induces error apart from the nodal point. Numerical illustration will show that the selection of higher order polynomial gives less error.
NOTE:
Simulation performed on a sample size of 10 mm by 1 mm. In each case the simulation is performed using number of elements: 10, 20,30,40,50. The traditional Finite Element Method (FEM) coupled with meshing tools does not yet manage to simulate efficiently the propagation of 3D cracks for geometries relevant to engineers in industry. In the XFEM approach, In order to represent the crack on its proper length, nodes whose support contains the crack tip (squared nodes shown in figure 2.6) are enriched with discontinuous functions up to the point t but not beyond. Such functions are provided by the asymptotic modes of displacement (elastic if calculation is elastic) at the crack tip. The enriched Finite Element approximation is written as:
Where,
• is the set of nodes in the mesh.
• is the scalar shape function associated to node i. • Functions modeling the crack tip are given in elasticity by :
• is the classical (vectorial) degree of freedom at node i.
Topological and geometrical enrichment strategies: Topological enrichment consists in enriching a set of nodes around a tip. It does not involve the distance from the node to the tip.
Geometrical enrichment consists in enriching all nodes located within a given distance to the crack tip.
2.3.4: Result and Discussions: The numerically computed solution is to be compared with the analytical solution as given below and the H1 norm of the error is to be computed in a post processing phase.  In all four cases, the error due to the enrichment radius 1.0 is less .Because with larger enrichment radius, the number of nodes enriched in the neighborhood of crack tip is more. Hence the approximation function is drawn from the largest space. In general the error can be given by: However, in case of traditional FEM approach, with the halving of the mesh size, the error gets reduced by . In case of XFEM, with the conventional topological enrichment, the error gets reduced by ½. Hence with the use of more enrichment function, the reduction of error with the decrease of the mesh size is more.
 The reduction of error with the decrease of mesh size is distinct in case of polynomial degree 1 as in this case the unknown function is approximated with the linear function. Hence a priori there is error. Hence the use of more enrichment functions plays a dominant role in reducing the error of approximation.
 In case of polynomial degree 2, the reduction of error with the decrease of mesh size is not distinct (especially at the smaller mesh size). Because the use of polynomial degree 2 plays the role of reducing the error. Hence use of higher enrichment radius is of no significant use.
 In all cases, the difference of error at larger mesh size is distinct for different enrichment radius. As the error is proportional to the power of h (mesh size). Hence with the smaller mesh size the error due to mesh size is significantly reduced. Hence the reduction of error with the use of higher enrichment radius is not significant.
 It is important to note that use of more enrichment function also increases the computation cost. Hence it requires optimizing the enrichment radius in order to avoid the high computation cost. Comment:
 For polynomial degree 1, the error in case of scalar enrichment is considerably less. In scalar enrichment, as mentioned earlier, four enrichment functions are used at each node in two directions. Hence total at each DOF, total 8 DOF are used. Hence more number of integration points is used in this case. In vector enrichment, only 2 DOF (asymptotic mode that needed) is retained and other terms are neglected depending on the 6 coefficients. By playing around with the 4 functions, it exactly represents the function.
Hence in case of vector enrichment, less number of integration points is used. Hence one of the possible 2.3.4.4: Displacement and Stress Field:
reasons may that use of more number of gauss points for the numerical integration yields better result.
 In case of polynomial degree 2, error due to scalar and vector enrichment does not differ significantly with the decrease in mesh size. As discussed earlier, higher order polynomial can approximate a function more accurately as compared to the lower order polynomial. Hence for higher order polynomial, the error is not significantly governed by the enrichment type.
Displacement Field:
Displacement along the y -direction is given by:
The displacement field is discontinuous along the crack length.
Stress Field:
As mentioned earlier, the stress field is proportional to . Hence the stress field is singular at the tip of the crack.
At the crack tip, theoretically the stress reaches the maximum value of infinity. 
Crack in a beam:
3.2 Selection of the Mesh Size:
For a particular length, simulation is performed on different mesh size until the stress intensity factor (SIF) for the second mode ( ) converges to zero. The following parameter is selected for the analysis. 
Problem Statement:
Description: A crack in an enhanced beam must be modeled in two dimensions. The stress intensity factor is to be computed for different L/h ratio until convergence.
Objective: Comparison and analysis of the analytical stress intensity factor (SIF) with the computed SIF at the crack tip. The analytical model is based on a strain energy analysis on two beams.
L=10 h=1
Crack Length (a) =5 
Determination of K I :
The length of the specimen is increased. The length of the crack is kept as half the length of the specimen. The number of element is increased in such a way so that the mesh size in the longer direction is kept constant for all the length. 
Analytical Solution for K I :
In the present problem, we are considering the case of constant displacement. In this section, analytical solution of K I will be developed for this case. The input energy change Change in dissipated energy as heat.
Total potential elastic energy
Change in kinetic energy of the system.
Consequently, the conservation of energy change due to the displacements arising from the fracture area change can be defined as:
Energy release rate is given as:
If the cracked plate shown in Figure 3 .4 is subjected to an external load P and the crack growth very slow, then the load-points undergo a relative displacement perpendicular to the crack plane and the crack length extends an amount .Consequently, the work done responsible for such an increment in displacement and crack length is defined by :
Consider mode I (tension) loading and the linear behavior shown in Figure 3 .5. The stored energy due to tension loading can be defined as the area under the curve.
Hence, and .
Consider the present problem under constant displacement. In this case, the load and load gradient expressions are , Hence we get:
Since , we get:
The SIF for Mode I loading is given by:
For the present problem, , Substituting these values, we get:
, Numerical value of:
Displacement and Stress Field:
Comment:
• The analytical solution is developed for one dimensional beam problem. Hence the length of the beam is increased keeping the height constant until the L/h ratio is predominantly large i.e the geometry can be considered as one dimensional. However, the analytical solution is not exactly same as the numerical one as the numerical solution always associates different kinds of numerical error. However the order of magnitude is same. The enrichment zone used should be well inside the geometry. As shown in the adjacent figure, enrichment zone exceeding the geometry of the beam is not recommended. 
Brazilian Test:

Problem Statement:
The Brazilian Test is a famous experiment on concrete sample, as represented on the figure. The goal of this exercise is to reproduce the experiment, where a crack appear in the center of the sample in the vertical direction and then propagate vertically until total failure of the sample. The displacement/force curve is to be plotted at the loading point while the crack propagates under the assumption that the crack propagate at constant value of K I stress intensity factor. The Brazilian test was developed to measure the tensile strength of brittle materials like rocks and concrete (Berenbaum and Brodie, 1959) . The Brazilian testing procedure is simple and the specimen preparation is easy compared to other test methods. Standard test method had been suggested (ISRM, 1978) . The indirect tensile strength of a disc sample (Figure 1 ) of radius R and thickness t, with known load at failure P is given by The stress field inside the disc can be obtained by solving a differential equation that employs Airy's stress function and satisfies the boundary condition of the sample.
Brazilian tests simulation of rock samples with pre-existing cracks is executed with the crack length and orientation taken as variables.
Visible new cracks are generated right after the global peak in the loaddisplacement curve. It is seen that the macro tensile strength decreases as the pre-existing crack length increases. 
NOTE:
The crack in the 3D sample is a penny shaped. The length of the crack is given by the diameter of the crack. Because of symmetry in loading and geometry, half of the sample is analyzed. The length of the crack is given by the radius.
Boundary Condition:
Until the crack propagation causing the failure of the sample, the BC is given by the The SIF is related to the force as: . The analysis is performed for a load of 1N. Hence, .
Now the critical force can be obtained as: . The is taken as 1. Hence .
Hence the obtained value is inverted to get the critical force. The obtained displacement from the simulation is for a force of 1N. Hence the true displacement is obtained by multiplying the obtained displacement with the .
The sample with no crack will behave linearly (i.e. the Force v/s Displacement curve is linear). The sample will have higher modulus of elasticity. With the initiation of the crack, the sample will start losing the strength and will undergo snap back phenomenon. After the propagation of the crack through the body, the sample will still withstand load. But it will have the minimum strength.
The simulation if performed for the crack length from 0.10 to 0.95. The radius of the sample is 1. Hence a crack length > 1 stands for the full propagation of the crack and the failure of the material.
4.5: Results and Discussions: 
The numerical simulation is performed for different length of the crack. The obtained value of K I is inverted to get the actual force which when multiplied with the obtained displacement gives the true displacement. The obtained actual force and displacement is plotted to get the curve DCE.
Line OA:
Line OB:
5.00E+00 The force displacement curve is an example of Snap Back phenomenon. The are under the curve at a particular stage is a measure of the stored energy in the system. The difference of the area between the two stages gives a measure of the loss of energy of the system due to change in loading on the system. At a particular state, the slope of the line is a measure of the Young Modulus of the system. NOTE: In practice during experiment, it is difficult to capture the sudden change in the Force v/s displacement curve (the position of the global peak i.e. the Point of Bifurcation). The curve jumps suddenly from point A to point B . The phenomenon is known as Jump Phenomenon. Comment:
 Brazilian Test gives an idea of the strength of the concrete specimen and its behavior under the uniaxial loading. The force at which the crack initiation occurs can be captured from the load displacement diagram. Failure of the Sample  The displacement at the tip of the crack keeps on increasing with the increase of the crack length. Since the loading and the sample geometry is symmetric, the displacement field is also symmetric.
 Like the displacement field, the stress field is also symmetric due to the symmetry in loading and geometry. The stress is maximum at the tip of the crack. The stress is also reaches high value just beneath the loading plate.
